In this paper, a revitalization of conformal mapping methods applied to fluid flows in two dimensions is proposed. The present work addresses several important issues concerning their application for vortex particle flow solvers. Difficulties of past conformal based method are reviewed. One difficulty concerns the ability of a mapping procedure to represent complicated shapes. The present paper improves past algorithms to be able to map new shapes, including multiply connected domains. A new fast procedure allows transferring a set of points in the mapped simplified plane to the complicated domain and vice versa. After a mapping construction, it is demonstrated how basic exact solutions to potential flow problems with vortices can be put in a new form which provides a faster and more accurate computation than with distributed singularity methods.
Introduction: Conformal mapping and aerodynamics
A conformal mapping is a transformation from the complex plane into the complex plane, which preserves the local angles. Riemann [1] showed that there exists one unique conformal map, which transforms the exterior of any shape (here a single airfoil) into the exterior of the unit disk. In the case of N w wing sections, the existence of the mapping transformation is given by the Koebe theorem [2] : Every n-ply connected region can be conformally mapped onto an exterior region which is bounded by n circles.
In the past, such transformations have been extensively used to provide exact solutions of Laplace's equation with Dirichlet type boundary conditions.
In aerodynamics, Laplace equation arises when the flow is assumed irrotational and incompressible. From the incompressibility assumption, the streamfunction is defined and Laplace equation is obeyed with Dirichlet boundary conditions. Although ideal flows have limited practical interest, the Laplace equation and more generally the constant curl Laplacian equation [3] also arises in problems involving multiple bodies in motion with vortices. The present paper addresses a fast way of solving this situation and particularly the aspect of a fast and accurate evaluation of the body influence on the vortices in the context of vortex particle methods.
Conformal mapping for one single wing, introduced by Joukowsky, has been used since the early days of aerodynamics. The first full flexible mapping, due to Theodorsen and Garrick [4] , can be applied to a wide variety of wing sections. However, their mapping presents convergence problems for wing profiles which are not smooth enough. In 1980 Ives [5] introduces a fast method by adding fast Fourier transforms (FFT) to the previous work of Theodorsen. With this improvement, the mapping of a single wing is efficiently computed (it takes a few milliseconds on a modern PC). The wing pressure distribution can then be deduced from the standard analytical solution for inviscid irrotational flow around a circle, see Section 8.
The more widespread panel method was introduced a few years before the implementation of FFT's to conformal mapping. In panel methods, the geometry is solved with a set of potential singularities directly on the wing profile in the physical plane. In today's aerodynamics, the mapping of one wing to a circle is still used in the elegant multipoint inverse design procedure originally due to Eppler [6, 7] .
Concerning multielement airfoil analysis via conformal mapping, blades in cascade and biplane were mapped first by Garrick [8] and the modern methods were developed in the 1980's by Halsey [9] , Ives [5] and Wegmann [10] . Halsey's method can be generalized to four or even N -body mapping, while Ives method seems to be restricted to two bodies.
In the general study of aerodynamic flows, mapping methods are restricted to two dimensions.
The main identified drawback of conformal mapping analysis for two dimensional flows is the split of the direct problem is split into two. First, the geometry has to be transformed into a simpler one. Then the problem has to be solved in the simple geometry and the solution retransferred to the original geometry. Therefore the sum of the computation time of the transfers and of the solution of the modified problem has to be smaller than the direct solution by other methods.
To be more specific, the mapping methods are less useful if the transfer requires a long set of intricate functions to be evaluated iteratively and the simplified problem necessitates a long computation time, although it might provide an exact solution. These are the two goals of the present paper: to show that even for complicated situations the transfer can be made efficiently and secondly, to show that the simplified problem can be solved efficiently. The advantage of the method with respect to vortex particle applications will be emphasized in Section 7.
Vortex particle method
The present paper exploits the developments made in vortex particle methods during the last two decades and intends to show how a conformal mapping scheme could be an efficient alternative in two dimensions to the panel method. The vortex particle method has proved to be very accurate for unsteady flows around: bluff bodies [11] , circles, airfoils at high angles of attack [12] , or undergoing dynamic stall [13] .
Throughout the following, all flows are assumed incompressible. Vortex particle methods are based on the vorticity equation obtained by taking the curl of the Navier-Stokes equation. In two dimensions, the vorticity equation is:
where ω = ∇ × u = ωe z is the vorticity in two dimensions, and ν is the kinematic viscosity of the fluid considered. Usually Eq. (1) is split into a convection and diffusion step. First a convection step is considered:
Then, to include diffusion the next equation to consider at the same time step is
The idea of the particle method is to discretize the vorticity ω onto a set of vortex particles with a given vorticity kernel, which, far from the rotational area or core, presents a logarithmic potential. Far from all cores, the equations are that of an ideal fluid. Each particle convects with the fluid velocity induced by all other causes according to Eq. (2).
In this respect the method is essentially mesh free and only focuses on the region of interest. The diffusion in Eq. (3) can be addressed by several standard means with the random walk method [14] or the more sophisticated particle strength exchange method [15] redistributing the vorticity of each particle to its neighbors.
To fulfill Eq. (2), the action of all external causes on each particle has to be summed. This action comes from three main groups: first the action of all the other particles in the fluid, second the action of the boundaries and third the action of the asymptotic flow.
Two decades ago, to compute the action of all other particles was too computationally demanding: to convect the particles in time, the velocity induced by the N v vortex particles has to be computed for the N v particles resulting in O(N 2 v ) operations. Typically a large number of particles ranging from 10 000 to 100 000 have to be considered for accurate simulations. This implies computationally expensive methods. However the discovery of Fast Multipole Methods (FMM) by Greengard and Rokhlin [16] When a Fast Multipole method is used, the action of the boundary should remain a small fraction of the total computation time which scales as O(N v ).
The action of the vortices on the boundaries and then the action induced by bodies on particles are usually examined by the inviscid potential flow panel method developed by Hess and Smith [17] .
The basic implementation assumes that the body can be represented by a continuous line of vorticity which is split into a number of elements N Panel called panels. In the case of flat panels (with linear vorticity variation), this leads to solve a linear problem AΓ = B where A is dense. The right-hand side B has N Panel lines and is formed by the computation of the velocity induced by all other causes other than the body on some control points. These are usually defined in the middle of each panel. In the context of particle simulations for non-deformable structures, the matrix A is inversed and stored at the beginning of the simulation. The unknown body vorticity Γ is found from B by a simple matrix multiplication at each time step.
This method has shown to give fast and accurate results for steady inviscid flows around both single and multiple bodies without vortices.
The crucial difference between steady and unsteady flow with vortices is that the velocity needs to be evaluated only at the boundaries in the steady case and can be found directly from the vorticity values at the nodes. With vortices included, the action of the boundary is evaluated by summing all contributions from each panel. This requires a long computation time if a large number of panels and particles are present (see Table 1 ).
Moreover, the method relies heavily on a good generation of the vorticity from the bodies. In particular one approach is to diffuse the vorticity into the flow by releasing particles at a very small distance from the body surface. The panel methods encounters problem as it solves the potential flow no through boundary problem only in a fix number of pre-defined control points: when the vortex particles are too close to the body, unrealistic results [18] are obtained: substantial and non-physical edge effects [19] are present at the end of each panel for the most often used method, which assumes linear geometric element with linear variation of vorticity.
These aspects have been pointed out in a recent paper by Ramachandran [19] and solved using cubic geometry panel methods. If flat panel have to be used for particle methods and high Reynolds number flows are considered, the number of panels should be increased to ensure that the vortices very close to the body are subjected to a smooth contribution from the body. This results in a substantial increase in the computation time (see Table 1 ).
The conformal mapping transformation does not have such deficiencies since the no through boundary condition is solved exactly on the whole boundary. The method of images [20] is valid even if the vortex particles are very close to the body. Section 4 and the fast imaging procedure shows how to treat images efficiently. The use of conformal mapping does not add any extra assumption on the slip velocity on the body surface contrary to representation by piecewise linear, parabolic or cubic vorticity sheet. It can be considered as exact as no points are privileged in the body surface and even mesh free. In Section 7, the computational efficiency of the conformal mapping developed here is compared against the linear panel method.
On the other hand, panel methods are able to treat directly arbitrary geometry. If a mapping method would be superior, the mapping method also has to treat arbitrary geometries. The transfer between mapped and real plane has to be made without adding a significant computation time. This issue is addressed in Section 3.
Fast transfer and Laurent's series
It is important to adapt the mapping algorithm to ensure a good transfer from the mapped plane onto the real plane and vice versa.
From the circles to the airfoils
The conformal mapping transformation is analytic. The transform has therefore a Laurent series expansion. One of the goals of the present paper is to describe a numerical method to find the transform of one circle into a given wing profile and more generally, N w circles into N w given wing profiles. The advantages of using Laurent's series representation will be stressed.
For a single wing, the airfoil coordinates are given by a set of discrete coordinates (x i , y i ) converted into a set of complex number z i . A conformal transformation f in the form of Laurent' series is:
where σ 0 and c k are complex numbers and N is the number of terms retained. The function f transforms a circle s c of radius b in the s-plane into the wing section z c in the z-plane, represented by a set of discrete points.
The angle η TE represents the airfoil trailing edge angle in the s-plane. The series in Eq. (4) is convergent on and outside the circle boundary s c . The aim is to find the optimal σ 0 and {c k } k∈N , which approaches as close as possible the shape given by interpolation of the points z i of the airfoil section. This method will be described in Section 4.7.
For the multicomponent section, the transform from N w circles into N w given wing profiles will be derived as:
where N w is the number of wings, and {c n,k } k∈N, n∈N are complex numbers. The function g transforms N w circles s c,n in the s-plane into N w wing sections z c,n in the z-plane, represented by a given set of discrete points.
where b n is the radius of the nth circle in the s-plane, s center,n its center and η TE,n is the angle representing the trailing edge.
In particular for a periodic problem, assuming that the nth blade is obtained from the first one by a rotation of n β, the g transform can be simplified into (10) and the N w circles representing the N w wings will be defined as
In other words, when the system is periodic, only the coefficients for the first wing need to be established to produce the full section. The mapping of circles onto given complicated shapes has been implemented in the same form of Laurent series as in the work of Prosnak [21] . However, this form is ideal for the fast computation of the mapping function in a significant number of points outside the circle (i.e. in the vortex particle positions) what was not stressed in Prosnak [22] .
We will emphasize this by an illustrating example. We consider a single wing, and assume that the N = 200 mapping coefficients are determined. We now place a set of 10 000 points s uniformly distributed inside the annulus of inner radius b and outer radius 3b. The inner radius represents the wing in the mapped plane. We would like to evaluate as quickly as possible the position z of these points in the real, airfoil plane. After some basic algebra, we find that it is enough to use only the first N trunc terms in the series for a wanted precision ε want where N trunc is given by:
with A N trunc = max k∈[N trunc ,N ] |c k | and X = |b/s| is the inverse radius of the non-dimensional position of the point in the circle plane. This formula is valid only for points outside of the circle such that X < 1.
If the wanted accuracy is equal to 10 −10 , the number of terms to be used in the evaluation is plotted in Fig. 1 . We notice that the full number of coefficients which needs to be used are N only at the boundary and close to it. As soon as the points are away from the circle by half a radius, the number of necessary terms is already less than 30. A simple truncation criteria is then implemented and provides a fast evaluation of the Laurent's series.
The usefulness of this method is important in the case of multiply connected domain: from NN w terms in the series to be evaluated, it is possible to show that the maximum amount of needed terms is of the order of N to the leading order. In other words, the evaluation of the mapping function in the N w case does not require more computation time than in the simply connected case.
From a practical point of view the Laurent's series are evaluated in a negligible computational time: in the order of ms on a normal PC and for 10 000 points both for the simply and multiply connected case.
From the airfoils back to the circles
Concerning particle methods, it has been found to be very practical to also look for the inverse of transformation f in Eq. (4) . The idea will be helpful in Section 4 considering the iterative multicomponent mapping.
The procedure follows: take a circle C with center z c in the z plane with a radius b which includes the image of the s-plane circle by f . Put 2P points uniformly on this circle. Then generate a polar grid in the s-plane which corresponds to an annulus bounded by the circle representing the airfoil in the s-plane and which image will completely contain the circle C . Compute the value of f at all grid points. Extrapolate from the grid points values, the position of the points which are mapped onto the 2P points in the circle z c . Make an FFT using these positions. Using the coefficients {d k } k∈N, n∈N found, the inverse transform can be written for every point outside and on the circle C as
If points between the airfoil and the circle C have to be found, the grid is directly used to find their positions in the s-plane.
If applied directly in the airfoil plane, the area between the airfoil and the smallest circle which encloses the airfoil can be large. Therefore the number of grid points can be very important. To alleviate this problem, we will use this procedure after one inverse Karman Trefftz mapping (see Section 4.7). Fig. 2 . Plot of the two zones considered in the inverse mapping of a NACA8818 airfoil, 50 000 particles are uniformly distributed in a square box. Zone 1 will make use of the grid interpolation whereas zone 2 will use the Laurent's series to get the inverse images. The same procedure applies to the multiply connected case. The inverse of the mapping function can be put in the following form outside of each circle C w .
It is nearly as fast to go from one plane to the other and vice versa for both the simply connected and multiply connected case.
As an example, 50 000 particles are uniformly distributed in a box around a NACA8818 airfoil. In Fig. 2 , zone 1 corresponds to particles obtained via the grid interpolation, zone 2 using Laurent's series. A uniform distribution of points in the airfoil plane does not result in a uniform set of points in the circle plane see Fig. 3 . This result emphasizes the importance of the fast inverse procedure with regards to random walk simulations for instance.
The absence of a general and fast inverse mapping procedure has limited the application of conformal mapping methods in vortex particles simulations to shapes where both the mapping and its inverse are known (Joukowsky airfoils [23] and Karman Trefftz profiles).
Fast solutions in the simplified plane

General statements
From a two-dimensional complicated turbine or other multicomponent geometries, conformal maps convert them into a new simple geometry, where an analytical or easy-to-obtain solution exists. In particular for the vortex particle method, the no penetration condition on the body is first to be ensured. The inviscid irrotational flow problem is solved for an arbitrary contour or N w contours. A complex potential F exists under these assumptions, and is given by
where s is a complex number. The potential ϕ and the streamfunction ψ satisfy Cauchy-Riemann equations. The velocity V = u + iv in the s-plane is deduced from F as
where the bar stands for complex conjugate throughout this manuscript. For a conformal mapping from the s-plane to the z plane,
the velocity in the z plane is given (in every points where f and F are analytic) by
The number of operations to find the velocity in N V points is very limited due to the adaptation of Section 3 to the derivative of the mapping function. Basic solutions for one and N w circle flows will now be reviewed.
Single wing and vortices: the fast imaging procedure
One of the most well-known solutions stands for a circle of radius b placed in a flow containing N V vortices. Following Milne-Thomson [20] , the complex potential of the flow to be evaluated in the point s is given by:
where V 0 is the asymptotic velocity of the fluid, α is its angle, Γ C the circle vortex strength, G v the vortex strengths and s V the vortex position in the s-plane.
If the action of the boundary is insulated, and skipping the central vortex contribution, we get:
and this leads to an induced velocity from the boundary in the set of points s:
When the number of vortices is large, Eq. (21) becomes impractical because the action of the N V images on the N V outside vortices will require an O(N 2 V ) work. This problem has been previously noted in the work of Streitlien [23] . They used a fast multipole method (FMM) to get the action of the boundary on the vortices. The next paragraph will explain how to develop a fast imaging procedure which will be shown in Section 7 to be both faster than the FMM evaluation of Eq. (21) and the panel method.
The quantity
can be rewritten as where
we obtain:
If this series is truncated at a certain number of terms N trunc , the evaluation will be accurate at least at ε want if
where
Two annulus are considered, depending on the position of the outer vortices: the zone called zone 3 corresponding to the "far" vortices or the vortices placed outside of the circle of radius 11b/10 and the zone 4 which corresponds to the annulus bounded by the circle of radius b and the circle of radius 11b/10. The two zones are depicted in Fig. 4 .
In zone 3 the effect of the images of zone 3 and zone 4 are shifted to the origin and the coefficients of the resulting Laurent's series are evaluated using Eq. (25) .
In zone 4, the effect of the image of zone 3 only is shifted to the origin (the Laurent series coefficients are already determined from the previous step) and evaluated using a Laurent series, the effect of the image of zone 4 in zone 4 is evaluated directly.
It will be shown in Section 7 that the gain in term of computation time is promising compared to vortex panel methods. Concerning every vortices which are placed in zone 3 or generally far from the airfoil or from the circle, the influence of the body is again found as a Laurent's series and therefore simple to evaluate.
Single wing in unsteady motion with vortices
The boundary element problem with no through boundary conditions for unsteady arbitrary motion of a single wing profile is solved exactly as soon as the mapping function is known in the form given in Eq. (4). Milne-Thomson [20] and Couchet [24] gives exact solutions for unsteady arbitrary motion of a single wing with or without vortices. The flow for a pitching airfoil is considered irrotational only in the non-moving inertial lab frame, which enables the determination of the complex potential in this frame. However, the streamfunction exists both in the frame attached to the wing and in the inertial frame. The inviscid potential unsteady motion solution is derived analytically and cast into the form of a Laurent's series only depending on the complex coefficients {c k } k∈N of Eq. (4). If an unsteady motion with vortices is considered, the complex coefficients coming from the unsteady motion are simply added to the previous ones from the fast imaging procedure and the evaluation in a large number of points is fast. Couchet [24] even derived analytical formulas for deformable wing. The forces are directly calculated from application of the residue theorem.
Fast solution in the multicomponent case: steady flow without vortices
N w circles are considered in a uniform flow. The solution can be expressed in the form of Laurent's series in the circles centers which are also the poles of the mapping function g (Eq. (7)). The general solution for a steady flow around multiple circles without vortices is given as:
This solution requires the computation of N w × N 0 complex coefficients g n,k to ensure the no through boundary condition and N w coefficients C V ,n to satisfy, if needed, the Kutta conditions at all trailing edges of the airfoil sections. Recent work from Crowdy [25] and its practical implementation [26] proved the existence of an analytic solution of this problem. However we will here use an iterative procedure. Williams [27] showed that the following procedure was convergent for the case of two circles. Prosnak [22] expressed also the multi circle flow in this form; however he found the coefficients differently. It was not determined which algorithm is faster.
The following steps are used: image once in each circle the external uniform flow, evaluate the velocity in each trailing edge. Find the solution of a linear system N w × N w to nullify the velocity at the trailing edges. Introduce in each circle center vortices with strength C V ,n . Take each circle independently, the outer flow from the point of view of the circle N c in its complex velocity form is (the uniform asymptotic flow does not need to be imaged again)
With the help of Milne-Thomson [20] , the form of the induced velocity that this circle should provide to satisfy the no through boundary condition is:
Two solutions are possible: On one hand, evaluate this expression on 2P points on the boundary, use an FFT to make the synthesis and obtain the Laurent's series coefficients for each circle, add these coefficients to the one found at the previous time step and iterate again.
Another choice is to use the coefficients found analytically when Eq. (30) is rewritten as 
and therefore for any point s outside or on the N c th circle:
where (k) p corresponds to the Pochhammer symbol of k. Inserting this quantity into Eq. (31) gives:
and
The contribution from the N c th circle at this iteration will be to add a pole in the center of this circle and the coefficients of the Laurent series of this contribution are directly given bỹ
In practice this series will be truncated. The coefficients are then added to the coefficients obtained at the previous step for the same circle. The number of needed coefficients for certain accuracy in the iterative solution at each time step can be estimated by the same method as in Eq. (27) .
This procedure will necessitate a small number of coefficients, as far as all circles have the same radius and are not placed too close to each other. The case of different circles with radius of different orders of magnitude can lead to troubles especially when one of the small circle is very close to one of the big one. Adding an extra pole at exactly the imaging point of the center of this small circle improves the convergence.
If a Voith Schneider or its wind turbine counterpart, an H rotor section, is considered, the wings are conveniently far from each other. It has been estimated that 8 iterations with 16 coefficients lead to a maximum error of 10 −6 . In Fig. 5 , a plot of the evolution of the error with respect to the number of iterations in a typical H rotor section is provided. When wings are closer to each other, an accuracy of 10 −6 can be reached in 15 iterations and 32 terms in the series.
Typical streamlines for the case of 8 circles are plotted in Fig. 6 . The velocity is deduced from Eq. (17) . If the induced velocity, due to the boundaries, needs to be computed in many points, the truncation order and fast evaluation is simple considering the form of Eq. (17) for the mapping and Eq. (28) for the potential flow solution.
Multicomponent case: asymptotic steady flow with vortices
The case of steady asymptotic flow with vortices has to be investigated in more details. We will here refer to the two zones we have identified in the fast imaging procedure (see Fig. 4 ).
The form of Eq. (28) is still valid if all vortices are in zone 3 for each of the circles. The fast imaging procedure is performed for each circle. The large number of coefficients due to the vortices action is only evaluated once at the beginning of the procedure. After this step 32 coefficients have to be considered as they just need to correct the action of the other wings. The only significant computation time will be found in the first iteration. When vortices are found in zone 4 for one circle (see Fig. 7 ), these vortices are removed when the induced velocity from the outer flow is evaluated. They are kept as the reaction of this circle on the others and expanded in zone 3. The vortices are added for the evaluation of points close to the critical circle at the end of the computation. This is shown in Fig. 7 for the degenerated case of only one vortex in zone 3 for four circles with one vortex close to the second circle.
Multicomponent case, unsteady flow with vortices
Although the solution for an unsteady flow around multicomponent airfoil is not detailed here, such a solution can be obtained by exploiting the exact solution known for one single wing in unsteady motion which can be found in Couchet [24] . The procedure applied from Eqs. (4.14)-(4.21) is applicable.
As a conclusion of this paragraph, we will summarize some advantages of finding the mapping function in the Eqs. (4) and (7) and the flow solution in form Eq. (28) .
First, the solution of many circle flows can be obtained to any degree of accuracy at a limited computational time. This can be used to generate test cases for multicomponent section where few exact solutions exist. The method can also be applied to inverse design procedures as it provides a parameterization of the full multicomponent section. Furthermore, the lift coefficient is obtained by application of the residue theorem, in the ideal flow case, both for the single and the multicomponent section.
The implementation of the method is facilitated by the inclusion of functions from complex numbers to complex numbers into standard programming tools like Matlab or C99.
The formalism of Laurent's series is ideally suited to be included into fast multipole methods for particle flow simulation. The development of the vortex particle procedure can be followed in the many circle plane, simplifying and improving the numerics. The Routh's corrections [28] should be implemented in the convection step facilitated by an appropriate series truncation in the first and second derivative of the mapping function,
The method is not making use of control points as in the panel method case. For many circles flows, the method usually necessitates 64 coefficients for a very accurate tangential velocity evaluation without the non-physical harmonics due to edges effects.
Additionally, structured meshes can be obtained when evaluating isolines of the potential and streamfunction by taking the real and imaginary part of Eq. (28) .
The speed of the method, to obtain the many circles flows, scales as O(N 2 W N 2 0 ) to the leading order with N 0 equal to 64. It is faster than the standard panel methods which scale as O(N W N Panel ) 3 or at least O(N W N Panel ) 2 [19] . Typical panel numbers for accurate particle methods are in the range of N Panel = 160 to 800.
A more critical point is that the action of the multiple boundaries in the vortex particles is faster evaluated than if a panel method is used. In a sense, the multipole solution both for the mapping and the flow provides the solution on the boundaries plus a synthesis for the fast evaluation in a large number of points. This advantage will be demonstrated in Section 7.
The mapping enables for semi analytical and analytical solutions. Many solutions exist for complicated fluid flows as far as the mapping function can be accessed. In the case of linear or periodic cascades, by a first mapping, all blades go to one, which is then mapped into a circle leading to an exact solution as explained in Lewis [18] .
Moreover, for the setup and configuration of flow actuators, it is important to provide good and fast results; the present method might help to achieve this goal.
Overall mapping methodology
Prosnak [22] has previously derived a numerical method to obtain the conformal mapping of multicomponent sections using Laurent's series. However, the method developed here employs an assembly of previous methods with improvements and has therefore been developed and benchmarked using previous work. Although, more recent mapping techniques might be more general [10, 29] , the Theodorsen method [4] will be used with the help of fast Fourier transform as defined in Ives [5] . In the present work, the procedure is made flexible enough to accept a certain number of corners.
The evaluation of the Laurent's coefficient is detailed. Concerning the multielement section, the method is similar to that of Halsey [9] with improvements for the treatment of inverse transformations which have been found to be a critical bottleneck for rapidity.
From the authors' experience it has been found that each of the following steps are crucial to provide a robust mapping algorithm, that is why they are all described here. New findings concern the inversion of the mapping applied to multicomponent mapping, the ability of the corner remover to expand considerably the vast variety of shapes which can be mapped to circles and finally the synthesis using Laurent's series.
Building of the mapping function: Laurent's series expansion for a single wing
This procedure will be detailed in the six subsequent steps. The aim is to find N Laurent's series coefficients, {c k } k∈N , the radius of the corresponding circle b and the parameter σ representing the wing given by a set of points converted into complex numbers.
Step 1: scaling. First, the initial points of the airfoil are interpolated into 2N points. At this stage the airfoil is scaled as desired. Additionally the airfoil is centered on the origin and a rotation is used to place the trailing edge along the real axis. This transformation reads:
Care should be taken during the interpolation step to ensure a smooth representation of the wing, unless the wing has corners. Smoothing procedure, using splines or lines between points, will have an important effect on the pressure distribution derived from this model (see Section 7).
Step 2: Inverse Karman Trefftz transformation: corner remover. The second step requires the trailing edge angle identification τ and estimation of the radius of curvature R at the leading edge point z TE . An inverse Karman Trefftz transform is applied to the points z as:
where r is an integer typically 0 or 1. β = π/(2π − τ ) and the two constants z 0 and z 1 are given by z 0 = z LE + R/2 where z LE is the trailing edge point and z 1 = z TE . The aim of this transformation is to smooth all trailing edges corners of the original shape. This transform is multiply valued and the suitable branch have to be identified.
It should be stressed that the parameter r in Eq. (38b) jumps from the value 0 to −1 if a point is found inside the domain bounded by the mid chord and the line joining the two points z 0 and z 1 . With this in mind, the Inverse Karman Trefftz transformation can be easily used for a large number of points efficiently.
Step 2 bis methodic corner remover. If the airfoil presents other discontinuities, it is possible to iterate this mapping by placing the parameter z 1 exactly at the remaining discontinuities. If the angle is pointing towards the inside of the profile, the value τ has to be adjusted to stay inside [0, 2π]. The value for the parameter z 0 is chosen as the intersection between the bisector of the angle and the opposite side of the curve. If it is impossible to reach this point without intersecting the curve, the point, which maximizes the distance between the trailing edge and the circle, should be chosen. The point is then displaced in the direction pointing to z 1 by the corresponding radius of curvature.
When all corners are removed, a shape similar to an ellipse can appear. Then one last reverse Joukowsky mapping is applied to transform this ellipse onto a quasi circle. This last procedure only needs to be applied for peculiar cases such as the mapping of flat back airfoils, airfoil with spoiler or gurney flaps (see Section 8) . For usual airfoil sections, one first inverse Karman Trefftz is enough.
Step 3: rescaling. The third step involves a simple translation and rotation
to ensure that the obtained z curve is a centroid centered at the origin and that the trailing edge is on the real axis. The centroid is found by splitting the points and the origin into triangles and by assessing the center of gravity from the triangles.
In the z plane all points are decomposed into the form
where (ψ i , θ i ) is given by
The convergence of the foregoing method should be checked. According to Ives [5] , convergence is ensured if (but not only if)
Step 4: Theodorsen transform. The fourth transformation due to Theodorsen [4] , transforms the z plane to the final s-plane. It is given in the form of a series expansion truncated with N terms:
where f (s) = N 1 C 0 n b n /s n , {C 0 n } n 1 are complex numbers chosen to preserve the identity at infinity. In the s-plane, the equation of the circular boundary is given as: 
Fast Fourier transform techniques may now be used as described in Ives [5] : the angles η for 2N points are equally spaced in the circle from the trailing edge
An iteration procedure is then necessary, the initial values of the coefficients {C 0 n } n 1 and ln b are set to zero. The vector Y is introduced, as
The new value of the vector θ , will be deduced from η and Y by the Fourier transform evaluated using FFT:
where IFFT stands for Inverse Fourier transform. The expression (ln r) k is then reevaluated at the points θ k . With these values, the value of Y is calculated after another FFT:
and from Y the coefficients {C 0 n } are evaluated by:
This process is iterated until the satisfactory accuracy is reached. 8 iterations are necessary.
Step 5: Coming back from the circle to the wing. The radius of the mapped circle is obtained by
When the coefficients are known, 2N + 2 angles η are chosen uniformly on the circle. The transformation, from the circle to the airfoil, from the s-plane to the z plane, is defined by:
If more than one Karman Trefftz has been used, the transformations are iterated. The last transform is:
Step 6: Synthesis: wanted coefficients. The Laurent's series coefficients are obtained by a last inverse FFT on the 2N + 2, z points
To accommodate the two rotations, the N coefficients retained are modified as
for n ∈ [1, N] . Gibbs phenomenon can appear due to interpolation errors, and then it can be useful to filter higher harmonics with
where sin c(x) = sin(x)/x is the sine cardinal function and N is the number of terms in the truncated complex Fourier series. The trailing edge angle can be found by analyzing the derivative of the mapping or by tracking the corner point from the start of the process. All the parameters needed for evaluation of the mapping function in Eq. (4) are now defined. In practice, a small N is needed. For smooth wing sections, a value of N = 64 is enough to provide a relative error of 10 −5 in the mapped shape. In the case of flat back airfoils, gurney flaps and spoilers, the number of terms needs to be increased. This will be studied in Section 8.
The number of operations for this procedure scales as 4CN log(2N) where C is typically around 8. Thus this method will not affect the rapidity of the flow solver in the comparison to panel methods for particle method flows.
The rapidity of such a transformation becomes more pronounced whenever the geometry is changing, for instance in animal locomotion or deformable wings. In those cases this mapping method can be preferred to panel methods due to its ability to use one universal geometry for all calculations. This has been pointed out by Couchet [24] for the study of deformable structures.
Laurent's series expansion of multicomponent sections
The Laurent series expansion of the general multicomponent section can be considered as similar to the previous single component mapping. The first step is a set of N w translation and rotation with N w inverse Karman Trefftz maps described in Eq. (38). After that, one wing is chosen and the previous method is also applied to transform the quasi circle obtained into one exact circle. However, all the other wing sections will be affected by this transformation. To follow the procedure it is important to possess an inverse form of the Theodorsen transform, which according to Eq. (43) writes: 
where k l is found recurrently by
To obtain in this context a quick evaluation of the inverse transform the procedure detailed in Section 3 is used. In this form the amount of time to perform the inverse procedure becomes negligible: a few ms in a normal computer.
The inverse of the transformation should be rigorously applied to each quasi circle comprising the first one. However, the result for this first circle will be to produce a circle of radius b 1 in virtue of the algorithm described in Section 3. Thus, all the points from this wing are replaced by a circle with uniform angles distribution. Only the trailing edge position is tracked. The other quasi circles are inversed using the fast inverse transform.
The next steps involves iteration of this quasi-circle-to-circle mapping to all quasi circles and repetition of this process until the shapes are close enough to circles. Then the center and radius of the final circles are found and the trailing edge corresponding angles are known.
To get the synthesis of the mapping, 2N points are uniformly distributed on each circle. Once all the transforms are applied, 2N points are obtained on each wing. To derive the Laurent's series decomposition, it suffices to use the inverse Fourier Transform and cancel all terms, which are corresponding to non-convergent ones (i.e. with power more than N ).
All the rotations have also been counted and the two steps described by Eq. (58) and the filter step in Eq. (59) are applied.
8 iterations are needed. One iteration being defined as a whole round: each circle has been mapped to an exact circle once. This method is scaling as 4C NN w log(2NN w ) and N is typically of the order of 64 to obtain a relative 
Fast imaging and panel methods with vortices
To illustrate the advantage of the present method, it is important to compare it against a typical boundary element method, the vortex panel method [17] .
A circle is considered to make a comparison between the flow solver and existing boundary element method. 10 000 particles are placed uniformly around it in an annulus between the circle with a radius 1 and another circle with a radius of 2. Although no particles are placed on the boundary they are placed arbitrarily close to it.
We will compare in Table 1 the results in terms of computational time of the boundary action on the vortices in Eq. (22) .
On one hand, we will consider panel methods with N panel = 160, the lowest number of panels used for vortex particle simulation [30] , N panel = 400 used in Ramachandran [19] , N panel = 600 for Walther [31] , N panel = 800 and N panel = 1200.
On the other hand, the image method is employed. The first implementation concerns the straight forward application of Eq. (22), the second uses a Fast multipole method applied to the images (FMM imaging) and the third run employs the Fast imaging procedure described in Section 3. In the two approximate methods (FMM imaging and Fast imaging), the tolerance has been set to 10 −6 .
From Table 1 , for a choice of N panel = 160, which gives substantial edge effects, to avoid, particularly in high Reynolds number flows, the Fast imaging is 4.4 times faster. For more standard values using from N panel = 400 to N panel = 800, the Fast imaging is respectively 11 to 22 times faster.
The Direct imaging procedure, although it is exact, corresponds to the same computational time as a panel method with 630 panels.
The Fast imaging procedure is 4.4 times faster than the FMM imaging. This is probably due to the long time required to build the necessary quad-trees which are not fully used as the points of evaluation are outside the circle.
If much less particles are considered, for instance 1000 points, the fast imaging takes 0.052 s whereas the panel method with 160 panels necessitates 0.22 s.
In fact the comparison in Table 1 should be even more advantageous for the fast imaging procedure if the solution and setup of the linear system for the boundary vorticity would have been included in the CPU time. Only flat panel methods are considered which are supposed to be the fastest to be evaluated.
Ramachandran [19] proposed an alternative to combine multipole expansions and flat panel methods. We conclude that the mapping method consists in a substantial improvement to panel methods for particle simulation as it can provide the action of the boundaries on vortices in a much more tractable time than standard panel methods. The degree of accuracy can also be increased up to computer precision. The present method consists in a substantial improvement as vortex methods generally necessitates 1000 to 10 000 time steps to operate. Furthermore, the fast imaging procedure is very easy to code.
Mapping perspectives/examples
Single component steady flow: comparison with panel method results
The S809 section has been mapped and placed into a uniform flow to present both the accuracy of the mapping procedure and the accuracy of the deduced boundary element method. From Eq. (19), the velocity is deduced. The cor- responding pressure coefficient will be given by:
, and thus
The results obtained with the XFOIL [32] linear vorticity panel method with 280 panels (see Fig. 8 ) are compared with the results of the present algorithm (see Fig. 9 ). 64 coefficients are used in the mapping series and 1000 points are used for the plotting. The pressure is in very good agreement with XFOIL results. Furthermore, the results do not show any oscillation even with this huge number of points compared to the number of terms in the series. By application of the residue theorem, the lift coefficient is found as 0.831 which compares well with the XFOIL value of 0.825. The pitching moment is given as −0.072, which is in good agreement with the XFOIL value of −0.0711. Fig. 10 shows the good sensitivity to the shape interpolation and efficiency of the filtering described in Eq. (59). This is the same S809 airfoil at the same angle of attack as previously but without filtering and with a linear interpolation instead of the cubic splines. 64 coefficients seem to be enough to represent a wing shape accurately. However, a wide number of classical wing sections have been derived by the Eppler code [6] . This program is exactly finding the coefficients in the mapping function from a desired velocity distribution at different angles of attacks. It is thus not surprising that only 64 coefficients are enough for most sections.
Single airfoil mapping coefficients
The NACA0018 section is defined from polynomials functions of the position along the real axis. The 64 coefficients for the NACA0018 with unit chord are given in Appendix A to provide some more realistic cases than the Joukowsky profiles for vortex method using conformal mapping. 
Efficiency of the corner remover procedure
Three examples of profiles that can be handled by application of the iterative Karman Trefftz procedure are shown in Figs. 11-13 . A comparison with the Laurent's series development is also given. As can be seen in Figs. 12 and 13 , the accuracy decreases even with 258 coefficients in the case of the Gurney flap and the spoiler case. In such cases it may be worthwhile to retain the last Karman Trefftz transformations to limit the number of coefficients. For the case of the flat back airfoil, see Fig. 11 , the results were still accurate using only 64 coefficients.
Multicomponent mapping
The first implementation of the multicomponent mapping consists of a recovering of the Suddhoo-Hall [33] airfoil to compare with the known exact pressure distribution. Fig. 14 shows the pressure coefficient isolines around the full four element airfoil obtained by direct evaluation of Eq. (19) . The inviscid flow calculation which will be given by the many circles flow, obtained using 64 coefficients and evaluated on 1000 points on each airfoil. The resulting accuracy is 10 −11 in terms of fulfillment of the boundary condition on all airfoil surfaces. The pressure coefficients, see Fig. 15 , are in very good agreement with the known analytical solution [33] . Fig. 16 shows how the solution for one point vortex placed in a uniform flow around the four circles of Fig. 7 is transferred to the more complicated problem of a point vortex close to the Suddhoo-Hall airfoil.
A typical two element section front wing of an F3 race car in ground effect has been studied [34] . The ground is represented by an image of the two element section. The resulting inviscid pressure distribution is shown in Fig. 17 . These results agree very well with other multielement linear panel codes. Fig. 18 shows the streamlines deduced from the circles in Fig. 6 by application of the conformal mapping transform. It shows the ability of the procedure to treat directly and efficiently complicated flow problems by exploiting the general, standard form of the circle solution.
Conclusion
A powerful parameterized method to map any shape of multicomponent geometry in two dimensions has been developed. The construction of the mapping demands low computational time. The model has been benchmarked against analytical solutions and several other numerical solutions by other schemes. The full procedure has been shown to be preferable for vortex flow simulations over the standard panel methods. The field of possible application of the mapping is vast, ranging from steady inviscid aerodynamics to unsteady vortex flows as well as to other areas of physics. This mapping, with its abilities in terms of airfoil shaping, may provide significant advances in the studies of complicated vortex flows in complicated geometries. In addition, this conformal map can model aero elasticity and morphing wing in a smooth manner.
